We prove that the mapping class group of a closed connected orientable surface of genus g is generated by two elements of order g for g ≥ 6. Moreover, for g ≥ 7 we found a generating set of two elements, of order g and g ′ which is the least divisor of g such that g ′ > 2. Furthermore, we proved that it is generated by two elements of order g/ gcd(g, k) for g ≥ 3k 2 + 4k + 1 and any positive integer k.
Introduction
The mapping class group Mod(Σ g ) of a compact connected orientable surface Σ g without boundary is the group of orientation-preserving diffeomorphisms of Σ g → Σ g up to isotopy. This study aims to explore generation of Mod(Σ g ) by two torsion elements of small orders.
Korkmaz is the first person to find a generating set consisting of two torsions, elements of finite order, for the mapping class group Mod(Σ g ). He [10] proved that the group Mod(Σ g ) is generated by two elements of order 4g + 2. Korkmaz asked in [12] the following problem: What are the other numbers k (less than 4g + 2) such that Mod(Σ g ) is generated by two elements of order k. What is the smallest such k? Dan Margalit [16] asked a quite similar question, too: For which k can Mod(Σ g ) be generated by two elements of order k?
We proved on Theorem 1 that the mapping class group Mod(Σ g ) is generated by two elements of order g if g ≥ 6. So, we showed that k = g satisfies the desired result for g ≥ 6. Moreover, we found generating sets of two elements of smaller orders as shown in Theorem 2 and Theorem 3. Theorem 1. The mapping class group Mod(Σ g ) is generated by two elements of order g for g ≥ 6.
Theorem 2. For g ≥ 7 the mapping class group Mod(Σ g ) is generated by two elements of order g and order g ′ where g ′ is the least divisor of g such that g ′ > 2.
Theorem 3. For g ≥ 3k 2 + 4k + 1 and any positive integer k, the mapping class group Mod(Σ g ) is generated by two elements of order g/gcd (g, k) .
Since there is a surjective homomorphism from Mod(Σ g ) onto the symplectic group Sp(2g, Z), we have the following immediate result: Corollary 4. The symplectic group Sp(2g, Z) is generated by two elements of order g for g ≥ 6.
Firstly, Dehn [4] showed that Mod(Σ g ) is generated by 2g(g − 1) many Dehn twists. Lickorish [8] decreased this number to 3g − 1. Humphries [6] introduced a generating set of 2g + 1 many Dehn twists and proved that this is the least such number. Lu [13] found a generating set of three elements and two of the generators are of finite order.
Maclachlan [15] proved that Mod(Σ g ) can be generated by only using torsions. McCarthy and Papadopoulos [18] showed Mod(Σ g ) can be generated by involutions. Stukow [19] proved index five subgroup of Mod(Σ 2 ) is generated by using involutions. Luo [14] found an upper bound that is necessary to generate Mod(Σ g ) by involutions. After that, Brendle and Farb [2] showed that six involutions are enough. Kassabov [9] decreased this to 4 for g ≥ 7 . Recently, Korkmaz [11] introduced a generating set consisting of three involutions for g ≥ 8 and of four involutions for g ≥ 3. Finally, we [22] showed that Mod(Σ g ) is generated by three involutions if g ≥ 6. Since the mapping class group cannot be generated by two involutions for homological reasons, three was the least possible such number. Now, we are interested in generating Mod(Σ g ) by two torsion elements of small orders.
Wajnryb [20] found a presentation for the mapping class group of an orientable surface. Wajnryb [21] also proved that Mod(Σ g ) can be generated by two elements; one is of order 4g + 2 and the other is a product of opposite Dehn twists. After that, Korkmaz [10] showed that Mod(Σ g ) is generated by an element of order 4g + 2 and a Dehn twist, improving Wajnryb's result. He also proved that Mod(Σ g ) can be generated by two torsion elements of order 4g + 2. Recently, Baykur and Korkmaz [1] proved that the mapping class group can be generated by two commutators.
Moreover, Monden [17] proved that Mod(Σ g ) can be generated by three elements of order 3 and by four elements of order 4. Lanier [7] showed Mod(Σ g ) is generated by three elements of any order k ≥ 6 if g ≥ (k − 1) 2 + 1. See [5] for generating set of torsion elements for the extended mapping class group.
An overview of mapping class groups
Throughout the paper only closed connected orientable surfaces, Σ g , where all genera are distributed as in Figure 1 are considered. Note that the rotation R by 2π/g degrees about z-axis is a well-defined selfdiffeomorphism of Σ g . The mapping class group Mod(Σ g ) of a closed connected orientable surface Σ g is the group of orientation-preserving diffeomorphisms of Σ g → Σ g up to isotopy. Diffeomorphisms and curves are classified up to isotopy. We refer to [3] for all other information on the mapping class groups. We only deal with simple types of simple closed curves a i 's, b i 's and c i 's as shown on Figure 1 where 1 ≤ i ≤ g. In order to align with the notation in [22] , we show simple closed curves by lowercase letters a i , b i , c i and corresponding positive Dehn twists by uppercase letters A i , B i , C i or the usual notation t a i ,t b i ,t c i , respectively. All indices are to be considered as modulo g. For the composition of diffeomorphisms, f 1 f 2 means that f 2 is first and then f 1 comes second as usual.
Commutativity, Braid Relation and the following basic facts on the mapping class group are used along the paper for many times: For any simple closed curves c 1 and c 2 on Σ g and diffeomorphism f :
and if c 1 and c 2 are disjoint, then t c 1 (c 2 ) = c 2 .
After Dehn and Lickorish proved the mapping class group Mod(Σ g ) is generated by 3g − 1 Dehn twists about nonseparating simple closed curves, Humphries [6] stated the following theorem.
Theorem 5. (Dehn-Lickorish-Humphries) The mapping class group Mod(Σ g ) is generated by the set {A 1 , A 2 , B 1 , B 2 , . . . , B g , C 1 , C 2 , . . . , C g−1 }.
Let R denote the rotation by 2π/g about the x-axis represented in Figure 1 . Then, R(a k ) = a k+1 , R(b k ) = b k+1 and R(c k ) = c k+1 . Korkmaz [11] showed on the following handy theorem deducing from Theorem 5 that the mapping class group is generated the four elements. First element is the rotation element R and others are products of one positive and one negative Dehn twists. Theorem 6. If g ≥ 3, then the mapping class group Mod(Σ g ) is generated by the four elements R,
The next result is easily deduced from Theorem 6. Corollary 7. If g ≥ 3, then the mapping class group Mod(Σ g ) is generated by the four elements R,
Let H be the subgroup of Mod(Σ g ) generated by the set {R,
The curves a i , b i , c i and the rotation R on the surface Σ g .
Then,
It follows from Theorem 6 that H = Mod(Σ g ), completing the proof of the corollary.
3.
Twelve new generating sets for Mod(Σ g ).
In this section, we obtain twelve new generating sets to generate the mapping class group by two elements of small orders. We follow the idea of Korkmaz in [11] to create our generating sets in the next corollaries to Theorem 6. Our idea is to use the rotation element R, a torsion element of order g in the group Mod(Σ g ), as the first element and products of Dehn twists as the second element.
We use the first four corollaries to create generating sets of elements of order g. In order to follow Theorem 6, we need the rotation element R, which is of order g, in our generating set. So, we cannot decrease order g by following this method. But indeed, we can reduce the order of the second element. Applying Lemma 21, we see that most suitable candidates are the divisors of g. Unfortunately, it is not possible to find an order 2 element, an involution, as the second element in our generating sets by following this method. Instead, we found the least divisor of g greater than 2 as the minimal order for the second element.
We use the next six corollaries after the first four ones to create generating sets of elements of order g and g ′ where g ′ is the least divisor of g such that g ′ > 2.
Corollary 8. If g = 6, then the mapping class group Mod(Σ g ) is generated by the two elements R and
Let us denote by H the subgroup of Mod(Σ 6 ) generated by the set {R, F 1 }.
If H contains the elements
and C 1 C −1 2 then we are done by Theorem 6. Let
It follows from Theorem 6 that H = Mod(Σ 6 ), completing the proof of the corollary. Corollary 9. If g = 7, then the mapping class group Mod(Σ g ) is generated by two elements R and Figure 3 . Proof of Corollary 9.
Let
It follows from Corollary 7 that H = Mod(Σ 7 ), completing the proof of the corollary.
Corollary 10. If g = 8, then the mapping class group Mod(Σ g ) is generated by two elements R and 
and
It follows from Corollary 7 that H = Mod(Σ 8 ), completing the proof of the corollary.
Corollary 11. If g ≥ 9, then the mapping class group Mod(Σ g ) is generated by two elements R and
3 ∈H and then by conjugating
Note that * represents g − 9 genera. and
It follows from Corollary 7 that H = Mod(Σ g ), completing the proof of the corollary.
Corollary 12. If g = 8, then the mapping class group Mod(Σ g ) is generated by two elements R and Corollary 13. If g = 9, then the mapping class group Mod(Σ g ) is generated by two elements R and
. Let us denote by H the subgroup of Mod(Σ 9 ) generated by the set {R, F 1 }.
∈H and then B i+1 C −1 i ∈H ∀i. It follows from Corollary 7 that H = Mod(Σ 9 ), completing the proof of the corollary.
Corollary 14. If g = 10, then the mapping class group Mod(Σ g ) is generated by two elements R and
. Let us denote by H the subgroup of Mod(Σ 10 ) generated by the set {R, F 1 }.
and Corollary 15. If g ≥ 13, then the mapping class group Mod(Σ g ) is generated by two elements R and
. Let us denote by H the subgroup of Mod(Σ g ) generated by the set {R, F 1 }.
∈H and then C i B −1 i+1 ∈H ∀i. It follows from Corollary 7 that H = Mod(Σ g ), completing the proof of the corollary.
Corollary 16. If g ≥ 12, then the mapping class group Mod(Σ g ) is generated by two elements R and
6 ∈H and then by conjugating 12 , a 9 , c 7 ) = (a 3 , a 5 , c 8 , b 12 , a 9 , c 7 ) so that
Then, F 9 F 8 (c 2 , b 4 , c 7 , c 11 , a 8 , c 6 ) = (b 3 , b 4 , c 7 , c 11 , a 8 , c 6 ) so that
It follows from Corollary 7 that H = Mod(Σ g ), completing the proof of the corollary. Lemma 17. If g ≥ 11, then the mapping class group Mod(Σ g ) is generated by two elements R and
Let us denote by H the subgroup of Mod(Σ g ) generated by the set {R, F 1 }.
g ∈H and then by conjugating
. Then, F 12 F −1 11 = B 2 A −1 2 ∈H and then B i A −1 i ∈H ∀i. It follows from Corollary 7 that H = Mod(Σ g ), completing the proof of the lemma. Lemma 18. If g ≥ 13, then the mapping class group Mod(Σ g ) is generated by two elements R and
Lemma 19. If k ≥ 7 and g ≥ 2k + 1, then the mapping class group Mod(Σ g ) is generated by elements R and
1 ∈H and then by conjugating
3 ∈H and then B i C −1 i ∈H ∀i. It follows from Corollary 7 that H = Mod(Σ g ), completing the proof of the lemma. Corollary 20. If k ≥ 5 and g ≥ 2k + 1, then the mapping class group Mod(Σ g ) is generated by elements R and
Proof. It directly follows from Lemma 17, Lemma 18 and Lemma 19.
Main Results
Lemma 21. If R is an element of order k in a group G and if x and y are elements in G satisfying RxR −1 = y, then the order of Rxy −1 is also k.
Proof. (Rxy −1 ) k = (yRy −1 ) k = yR k y −1 = 1. On the other hand, if (Rxy −1 ) l = 1 then (Rxy −1 ) l = (yRy −1 ) l = yR l y −1 = 1 i.e. R l = 1 and hence k | l. Now, we can prove Theorem 2.
Proof. If g = 10, let H 10 be the subgroup of Mod(Σ 10 ) generated by the set {R,
Then, H 10 = Mod(Σ 10 ) by Corollary 14. Then, we are done by Lemma 21 since
Note that, order of R 4 is clearly 5 and hence order of the element R 4 (A 1 C 1 B 3 )(A 5 C 5 B 7 ) −1 is also 5 by Lemma 21 since R 4 (a 1 ) = a 5 ,
If g = 9, let H 9 be the subgroup of Mod(Σ 9 ) generated by the set
Then, H 9 = Mod(Σ 9 ) by Corollary 13. Then, we are done by Lemma 21 since
If g = 8, let H 8 be the subgroup of Mod(Σ 8 ) generated by the set 
If g = 7, let H 7 be the subgroup of Mod(Σ 7 ) generated by the set {R,
Then, H 7 = Mod(Σ 7 ) by Corollary 9. Then, we are done by Lemma 21 since R(
The remaining part of the proof is the case of g ≥ 11. Let k = g/g ′ so that k is the greatest divisor of g such that k is strictly less than g/2. Clearly, k can be any positive integer but three.
If k = 2, let K 2 be the subgroup of Mod(Σ g ) generated by the set {R, 
If k = 1 or k = 5, let K 5 be the subgroup of Mod(Σ g ) generated by the set {R,
Then, K 5 = Mod(Σ g ) by Corollary 20. Then, we are done by Lemma 21 since
If k = 6, let K 6 be the subgroup of Mod(Σ g ) generated by the set {R,
Then, K 6 = Mod(Σ g ) by Corollary 20. Then, we are done by Lemma 21 since R −6 (
If k ≥ 7, let K be the subgroup of Mod(Σ g ) generated by the set
Then, K = Mod(Σ g ) by Corollary 20. Then, we are done by Lemma 21 since
Finally, we prove Theorem 1.
Proof. If g = 6, let H 6 be the subgroup of Mod(Σ 6 ) generated by the set {R,
Then, H 6 = Mod(Σ 6 ) by Corollary 8. Then, we are done by Lemma 21 since R(
If g = 7, let H 7 be the subgroup of Mod(Σ 7 ) generated by the set {R, 
If g ≥ 9, let H 9 be the subgroup of Mod(Σ g ) generated by the set
Then, H 9 = Mod(Σ g ) by Corollary 11. Then, we are done by Lemma 21 since R(
Further Results
In this section, we prove Theorem 3 which states as: for g ≥ 3k 2 + 4k + 1 and any positive integer k, the mapping class group Mod(Σ g ) is generated by two elements of order g/ gcd(g, k).
Korkmaz showed the following in the proof of Theorem 6.
Theorem 22. If g ≥ 3, then the mapping class group Mod(Σ g ) is generated by the elements a 3 ). Then, Korkmaz showed that A 3 can be generated by these elements by using lantern relation. Hence,
Sketch of the proof is as follows:
are generated by given elements. This finishes the proof. Now, we prove the next statement as a corollary to Theorem 22.
Corollary 23. If g ≥ 3, then the mapping class group Mod(Σ g ) is generated by the elements
Proof. Let us denote by H the subgroup generated by the elements Theorem 24. If g ≥ 21, then the mapping class group Mod(Σ g ) is generated by the elements
3 . Let us denote by H the subgroup of Mod(Σ g ) generated by the set {R 2 , F 1 }.
. and
Note that · · · refers to the elements remaining fixed under the given maps.
. Then, F 6 F 1 (a 7 , b 8 , a 11 , · · · , b 6 , a 5 ) = (a 7 , a 8 , a 11 , · · · , b 6 , a 5 ) so that 12 , · · · ) = (· · · , c 11 , · · · ) so that
12 ∈H and then by conjugating C 11 B −1 12 with R 2 iteratively, we get C 2i+1 B −1 2i+2 ∈H ∀i. Let
. Then, F 10 F 1 (· · · , b 11 , · · · ) = (· · · , c 11 , · · · ) so that
∈H. Then, F 11 F −1 10 = C 11 B −1 11 ∈H and then, we get C 2i+1 B −1 2i+1 ∈H ∀i.
. Then, F 12 F 1 (· · · , b 15 , · · · ) = (· · · , c 14 , · · · ) so that F 13 = A 5 B 6 A 9 A 12 C 14 C 18 C . Then, F 14 F 1 (· · · , b 16 , · · · ) = (· · · , c 16 , · · · ) so that
∈H and then, we get C 2i B −1 2i ∈H ∀i. Hence, C i B −1 i ∈H ∀i. It follows from Corollary 23 that H = Mod(Σ g ), completing the proof of the theorem.
Corollary 25. If g is even and g ≥ 22, then the mapping class group Mod(Σ g ) is generated by two elements of order g/2.
Proof. Let H be the subgroup of Mod(Σ g ) generated by the set
Then, H = Mod(Σ g ) by Theorem 24. Then, we are done by Lemma 21 since R 2 (B 1 B 2 A 5 A 8 C 11 C 14 )R −2 = B 3 B 4 A 7 A 10 C 13 C 16 .
Generalization of Theorem 24 and Corollary 25 is as follows:
Theorem 26. For k ≥ 2 and g ≥ 3k 2 +4k +1, the mapping class group Mod(Σ g ) is generated by the elements R k , R k F (R k F −1 R −k ) where F = B 1 B 2 · · · B k A 2k+1 A 3k+2 · · · A k 2 +2k C k 2 +3k+1 C k 2 +4k+2 · · · C 2k 2 +3k .
Proof. We define an algorithm to prove the desired result. Let F = B 1 B 2 · · · B i A 2k+1 A 3k+2 · · · A k 2 +2k C k 2 +3k+1 C k 2 +4k+2 · · · C 2k 2 +3k and F 1 = F (R k F −1 R −k ). Let us denote by H the subgroup of Mod(Σ g ) generated by the set {R k , F 1 }.
A) Use conjugation of F 1 with R k , R 2k , · · · , R k 2 with proper multiplications to get A k+1 B −1 k+1 ∈H, A k+2 B −1 k+2 ∈H, · · · , A 2k−1 B −1 2k−1 ∈H, A 2k B −1 2k ∈H, respectively. Hence, A i B −1 i ∈H ∀i. B) Follow the next k steps. 1) Use conjugation of F 1 with R kl for some positive integers l's with proper multiplications to get C ik+1 B −1 ik+1 ∈H and C ik+1 B −1 ik+2 ∈H ∀i. 2) Use conjugation of F 1 with R kl for some positive integers l's with proper multiplications to get C ik+2 B −1 ik+2 ∈H and C ik+2 B −1 ik+3 ∈H ∀i. · · · Proof. For k ≥ 2 and g ≥ 3k 2 + 4k + 1, let H be the subgroup of Mod(Σ g ) generated by the set {R k , R k F (R k F −1 R −k )}. Then, H = Mod(Σ g ) by Theorem 26. Hence, we are done by Lemma 21 since the orders of R k and R k F (R k F −1 R −k ) are g/d where d is the greatest common divisor of g and k. If k = 1, we are done by Theorem 1.
